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Abstract. Recently, the two variable g-L-functions which interpolate the generalized 
(/-Bernoulli polynomials associated with x are introduced and studied, cf. [2]. In this 
paper, we construct multiple Dirichlet's q-L-function which interpolates the generalized 
multiple (/-Bernoulli numbers attached to \ at negative integer and study its properties. 



§1. Introduction 

Let < q < 1 be and for any positive integer k, define its (/-analogue [k] q = 1 _ q (j . 
Let C be the field of complex numbers. The (/-Bernoulli numbers are usually defined 

as 

(1) A),« = 7 -, (qPq + 1)" - Pn,q = <W , 

logQ 

where 5 nj i is Kronecker symbol and we use the usual convention about replacing (3 q 
by {3i iq , cf. [2, 4, 5, 6]. Note that lim 9 ^i (3k, q = -Bfc, where Bk are the /c-th ordinary 
Bernoulli numbers. In [3, 5, 6], the (/-Bernoulli polynomials are also defined by 

— 1 °° 00 n ( \ 

(2) FJt, x) = -e^h - t y q "+* e [n+*Ui = y E^l t n for x E C 

q logo ^ ^ n\ 

to ^ n=0 n=0 
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From (1) and (2), we can derive the below formula: 

«...(») - E - (t^)"e 

where ( n ) is the binomial coefficient. In the recent paper the multiple generalized 

(r) 

Bernoulli numbers attached to x, B„ ^, are defined by 
(3) 

1« = E ^ff* = E i*i < w/, (■» M)- 

ai,---,a T , = l n=0 

In this paper we consider the (/-analogue of the above multiple generalized Bernoulli 
numbers attached to x- Finally we construct the multiple q — L-function which in- 
terpolates the (/-analogue of multiple generalized Bernoulli numbers attached to x at 
negative integers and investigate its properties. 



2. Multiple Dirichlet's q - L-function 



Let x(t^ 1) be the primitive Dirichlet's character with conductor / e N. Then the 
generalized (/-Bernoulli numbers attached to x are defined as 

/ oo oo n 



(4) F q , x (t) = -tJ2x(a)J2<l fn+a e [fn+a]qt = E&.x,,^' <* [5]. 

a=l n=0 n=0 

By (2) and (4), we easily see that 

/ 

a=l •* 

By the meaning of Eq.(4), we can consider the multiple generalized (/-Bernoulli numbers 
attached to x as follows: 

f r oo 

Oi,"- ,a r = l i=l ni,--- ,n r =0 



(5) 



n=0 
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Note that lim^x j3n} x ,q = Bn,x- Let T(s) be the gamma function. Then it is easy to 
see that 



i.s — 1—r 



dt 



00 -1 poo 

(6) = E xfa + •••+ n ^ qni+ '" +nr f(s) / tS ~ le ~ [ni+ "' +nr]qtdt 

Tii ••" ,n r = l ^ /JO 

x (m + • • • + n r ) + ,„ +nr 
m,-" ,n r =i L J y 
Thus, we can define the multiple Dirichlet's g-L-function as follows: 

W ?V ; ^ / [ni + ■ ■ ■ + n r ] s a 

where x is non-trivial primitive Dirichlet's character with conductor / G N. By (5), (6) 
and (7), we easily see that 

(8) ^(-n, x) = (- 1 ) r 7-^yy^t,x^ ^ » e N. 

Let s be a complex variable, a and F be integers with < a < F. We now consider 

the function H r q (s; a\, ■ • • , a r \F) as follows: 

(9) 

gmiH hm r fli _|_..._|_ a 

H P> ,( fl ; ax, • • • , a r |F) = ^ [mi + . . . + mr]g = [*VCr,,' («, ^ 

mi,- ,m r >0 
rrii=ai ( mod F) 

where Cr, g M = £~ ... >nr=0 +aV (see [5 ' 6]) " 

The function H rjq (s; a\, ■ ■ • , a r \F) is a meromorphic for s G C with poles at s = 
1, • • • ,r. In [5], the multiple (/-Bernoulli polynomials are defined by 

(10) (-t) r J2 g I+5: «"'e |l+ K=i nil ' i = ^Bg(^. 

ill,'" ,n r =0 n=0 

For n G N, it was well known that 

(11) Cr, q (-n, x) = (-iy^-^B^ q (x), cf- [5]- 
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Let F G N be the conductor of x- Then the multiple Drichlet's g-L-function can be 
expressed as the sum 

F 

(12) L r q (s,x)= E *( aiH h a r )H r:q (s; ai, • • • , a r \F), for s G C. 

By (9) and (12), we easily see that 

(13) H r , q (-n; ai , • • • , a r |F) = [ii;(-ir^B^( fll + y + ~ ), for n G N. 
From (5) and (10), we can also derive the below formula: 

(14) /tL = re E x(a 1 + --- + a r )^( ai + - F +a - ). 

ai , • • • ,ct r — 1 

By using (12), (13) and (14), we easily see that 



n 



L r q {-n,x) = {-lYj^/:l, x , 
In Eq.(10), we note that 



(15) 



Bi n,l(*) = E (£)[*]rV fc B& cf. [5, 6], 



where -B^q = 5^(0). From Eq.(15), we derive the function H r}q (s; a±, • • • , a r \F) which 
is modified by 

H r , q {s;ai, ■ ■ ■ ,a r \F) 
( 16 ) _ 1 Kr =1 Oi]«-' +r v/ r -« + ^ / [F], \* ^ r _,^ fc (r) 

By (12) and (16), we obtain the following: 

1 1 F 

L r q (s,x) = jjr (J—j J^f E X(a 1 + --- + a r )[a 1 + --- + a r ] q s+r 

• V ( T ~ S \ ( ^ ^ Jai+-+a r )m B (r) 

i^V m J \[a 1 + -.. + a r ]J Q 
Finally, we suggest the below question 

Question. Is it possible to give the p-adic analogue of Eq.(17) which can be viewed as 
interpolating, in the same way that L P!q (s,x) interpolates L q (s,x) in [2, 7 ] ? 
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